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EXECUTIVE SUMMARY

This document provides Army organizations and agencies with general guidance on selecting the
appropriate methods for shifting between local geodetic datums and the World Geodetic System
(WGS), and for converting Cartesian and map projection coordinates to and from geodetic
coordinates. This guidance is provided to aid the Army community in selecting datum shift
algorithms, in developing, selecting, and maintaining software using these algorithms, and in
implementing this software to support operational units. Equations are furnished for map
projections and datums commonly used within the Army, and references are provided for other,
less commonly encountered, map projections and datums.

Beneficial comments (corrections, recommendations, additions, deletions) or information that
may be of use in improving this document should be addressed to the Standards Division of the
Digital Concepts & Analysis Center (DCAC) at the Topographic Engineering Center (TEQC).

Mail: U.S. Army Topographic Engineering Center, ATTN: CETEC-PD-DS, 7701 Telegraph
Road, Alexandria, VA 22315-3864.

Fax: ATTN: Standards Division, DCAC (703) 355-2991

Phone: (703) 355-2761

NEW PHONE NUMBERS!
voice (703)428-6761
fax (703)428-6991
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1. SCOPE

1.1 Scope. This Technical Report provides methods and
parameter values to shift positions between approximately 113
geodetic datums and provides methods for converting between
geodetic coordinates, Cartesian coordinates and map projection
coordinates. Guidance is provided on selecting methods
appropriate to the application, and on developing and testing
software to implement these conversions.

1.2 Applicability. The methods provided in this Technical
Report are used for a wide range of Army mapping, charting, and
positioning applications. Equations are furnished for the map
projections commonly used within the Army. References are
provided for other map projections that occasionally may be
encountered. Special high accuracy applications such as
engineering, construction, and real estate boundary surveys are
outside the scope of this Technical Report. Appendix B provides
datum shift parameters for approximately 113 datums that are
currently available from the Defense Mapping Agency (DMA).
However, many more local datums exist. For guidance on datum
shift applications or for datum shift parameters not covered by
this Technical Report, contact TEC [address given in the preface].

1.3 Application guidance. Transformation methods and
parameters should be appropriate to the application. A system
analyst should do a thorough evaluation of the system requirements
before developing detailed specifications. This evaluation should
consider the intended use, data types, formats, and required
accuracy of the output mapping, charting, and geodesy (MC&G) data,
as well as the source and accuracy of the input data. Also, any .
hardware constraints must be considered. The methods presented in
this Technical Report can then be examined for how well they can
meet or be adapted to meet the requirements. Where more than one
method will satisfy a basic requirement, give priority to Army-
preferred methods for standardization purposes. Additional
application guidance is furnished in Section 8.



2. REFERENCED DOCUMENTS
2.1 Government documents.
2.1.1 Specifications, standards, and handbooks. The

following specifications, standards, and handbooks form a part of
this document to the extent specified herein.

SPECIFICATIONS. None

STANDARDS.
MIL-STD-2401 Department of Defense World Geodetic
System (WGS) (1994)
STANAG 2211 Geodetic Datums, ellipsoids, grids and
(Fifth Edition) grid references (1991)

HANDBOOKS. None

2.1.2 _Other Government documents, drawings, and

publications. The following other Government documents, drawings, and
publications form a part of this document to the extent specified
herein. Unless otherwise specified, the issues are those cited in the
solicitation. The date in parentheses indicates for each document the
edition that was used in preparation of this Technical Report.

Document ID/Agency iitle

DMA Department of Defense Glossary of
Mapping, Charting, and Geodetic Terms,
Fourth Edition. (1981)

DMA TM 8358.1 Datums, Ellipsoids, Grids, and
Grid Reference Systems, (1990)

DMA TM 8358.2 The Universal Grids: Universal
Transverse Mercator (UTM) and
Universal Polar Stereographic (UPS).
(1989)




DMA Instruction 8000.1
with change 1, 4 Aug 92

Geological Survey
Professional Paper 1395

NOAA Manual NOS NGS 5

NSWC/DL TR-3624

U.S. Department of
Commerce, Coast and
Geodetic Survey,
Special Publication
No. 251

Engineer Technical
Letter No. 1110-1-147

Federal Register
v. 55, no. 155, Friday,

Geodetic and Geophysical Sign -
Conventions and Fundamental Constants.
(1988)

Map Projections - A Working Manual.
(Snyder, 1987)

State Plane Coordinate System of 1983.
(Stem, 1989)

Map Projection Equations. (Pearson,
1977)

Conformal Projections in Geodesy and
Cartography. (Thomas, 1979)

Engineering and Design Conversion to
North American Datum of 1983 (1990)

Notice To Adopt Standard Method for
Mathematical Horizontal Datum

August 10, 1990
Docket No. 900655-0165

Transformation (NOAA, 1990)

Copies of; DMA Instruction 8000.1 and GS Professional Paper 1395 are
available from USGS, Branch of Distribution, Box 25286, Denver CO
80225. Copies of DoD Glossary of Mapping, Charting, and Geodetic
Terms; DMA TM 8358.1; and DMA TM 8358.2 are available from the
Director, DMA Combat Support Center, ATTN: CCOR, 6001 MacArthur
Boulevard, Bethesda MD 20816-5001. Copies of the NOAA Manual NOS NGS
5 and the Coast and Geodetic Survey Special Publication No. 251 are
available from National Geodetic Information Branch, N/CG174, National
Geodetic Survey, 1315 East-West Highway, Silver Spring MD 20910.
Copies of NSWC/DL TR 3624 (Accession Document Number = AD A037 381 on
paper, or GIDEP #E151-2353 on cartridge) are available on from Defense
Technical Information Center, Bldg. 5, Cameron Station, Alexandria, VA
22304-6145. Copies of ETL 1110-1-147 are available through the
Department of the Army, U.S. Army Corps of Engineers, Washington, D.C.
203140-1000. Copies of STANAG 2211 and MIL-STD 2401 are available
from the Defense Printing Service, ATTN: DODSSP, 700 Robbins Ave, B1ld
4D Philadelphia PA 19111.



2.2 Non-Government publications.

Heiskanen, Weikko A., and Helmut Moritz; Physical Geodesy;
Institute of Physical Geodesy, Technical University, Graz,

Austria; 1967.

Krakiwsky, Edward J.; Conformal Map Projections in Geodesy;
Department of Surveying Engineering, University of New Brunswick,
Fredrickton, N.B., Canada; September, 1973.

Rapp, Richard H.; Geometric Geodesy - Part I; Department of
Geodetic Science and Surveying, The Ohio State University,
Columbus, Ohio; 1984.

Rapp, Richard H.; Geometric Geodesy - Part II; Department of
Geodetic Science and Surveying, The Ohio State University,

Columbus, Ohio; 1987.

2.3 Order of precedence. MIL-STD-2401 shall take
precedence for all matters concerning WGS 84 and datum shift
parameters. Nothing in this document, however, supersedes
applicable laws and regulations unless a specific exemption has
been obtained.




3.1

Acronyms.

3. DEFINITIONS AND UNITS

The acronyms used in this Technical Report

are defined as follows:

ROQDOBE RO TQ MO AWQ DY

()]

u
v
w.
X.
Yy
3.

3.2.1 Convergence of the meridian (7).

2

BIH
CONUS
CTP
DMA
DoD
DTED
ECEF
GPS
LGS
MGRS
MC&G
MRE
MSL
NAD 27
NAD 83
NGS
NGVD 29
NOAA

NOS
NSWC/DL

™
UPS
U™
WGS 72
WGS 84

Terms.

Bureau International de 1'Heure

continental United States

Conventional Terrestrial Pole

Defense Mapping Agency

Department of Defense

Digital Terrain Elevation Data

earth-centered, earth-fixed

Global Positioning System

local geodetic system

Military Grid Reference System

mapping, charting and geodesy

multiple regression equation

mean sea level

North American Datum 1927

North American Datum 1983

National Geodetic Survey

National Geodetic Vertical Datum of 1929

National Oceanic and Atmospheric
Administration

National Ocean Survey

Naval Surface Weapons Center/Dahlgren
Laboratory

Transverse Mercator

Universal Polar Stereographic

Universal Transverse Mercator

World Geodetic System 1972

World Geodetic System 1984

The angle between

the projection of the meridian at a point on a map and the
projection North axis (typically represented by the y axis of the

projection).
clockwise direction.

3.2.2 (Coordinate.

The convergence of the meridian is positive in the

Linear or angular quantities that

designate the position that a point occupies in a given reference
frame or system.
particular kind of reference frame or system, such as Cartesian
coordinates or spherical coordinates.

Also used as a general term to designate the

3.2.3 Datum. Any numerical or geometrical quantity or set
of such quantities specifying the reference coordinate system used
for geodetic control in the calculation of coordinates of points

on the earth.

Datums may be either global or local in extent. A

local datum defines a coordinate system that is used only over a



region of limited extent. . A global datum specifies the center of
the reference ellipsoid to be located at the earth's center of
mass and defines a coordinate system used for the entire earth.

: 3.2.3.1 Horizontal datum. A horizontal datum specifies the

. coordinate system in which latitude and longitude of points are
located. The latitude and longitude of an initial point, the
azimuth of a line from that point, and the semi-major axis and
flattening of the ellipsoid that approximates the surface of the
earth in the region of interest define a horizontal datum.

3.2.3.2 Vertical datum. A vertical datum is the surface to
which elevations are referred. - A local vertical datum is a
continuous surface, usually mean sea level, at which elevations
are assumed to be zero throughout the area of interest.

3.2.4 Earth-fixed. Stationary with respect to the earth.

3.2.5 Elevation. Vertical distance measured along the local
plumb line from a vertical datum, usually mean sea level or the
geoid, to a point on the earth. Often used synonymously with
orthometric height.

3.2.6 Ellipsoid. The surface generated by an ellipse
rotating about one of its axes. Also called ellipsoid. of
revolution.

3.2.7 Eguator. The line of zero geodetic latitude; the
great circle described by the semi-major axis of the reference
ellipsoid as it is rotated about the semi-minor axis.

3.2.8 Eqguipotential surface. A surface with the same

potential, usually gravitational potential, at every point; a
level surface.

3.2.9 ntri r ian rdin . Cartesian

coordinates (X, Y, Z) that define the position of a point with
respect to the center of mass of the earth.

3.2.10 Geodetic coordinates (geodetic posgition). The
quantities of latitude, longitude, and geodetic height (¢, A .h)
that define the position of a point on the surface of the earth
with respect to the reference ellipsoid. Also, imprecisely,
called geographic coordinates (See also geographic coordinates). .

3.2.11 ic heigh 114 idal height, h). The height
above the reference ellipsoid, measured along the ellipsoidal
normal through the point in question. The geodetic height is
positive if the point is outside the ellipsoid.




3.2.12 Geodetic latitude (§). The angle between the plane
of the Equator and the normal to the ellipsoid through the
computation point. Geodetic latitude is positive north of the
equator and negative south of the Equator (See figure 4.2).

3.2.13 Geodetic longitude (L). The angle between the plane

of a meridian and the plane of the prime meridian. A longitude
can be measured from the angle formed between the local and prime
meridians at the pole of rotation of the reference ellipsoid, or
by the arc along the Equator intercepted by these meridians. See
figure 4.2.

3.2.14 Geographic coordinates. The quantities of latitude

and longitude that define the position of a point on the surface
of the earth. See also geodetic coordinates.

3.2.15 gGeoid. The equipotential surface of the earth's
gravity field approximated by undisturbed mean sea level of the
oceans. The direction of gravity passing through a given point on
the geoid is perpendicular -to this equipotential surface.

3.2.16 Geoid separation (N). The distance between the geoid

and the mathematical reference ellipsoid as measured along the
ellipsoidal normal. This distance is positive outside, or
negative inside, the reference ellipsoid. Also called geoidal
height; undulation of the geoid. See figure 4.1.

3.2.17 grid reference sygtem. A plane-rectangular

coordinate system usually based on, and mathematically adjusted
to, a map projection in order that geodetic positions (latitudes
and longitudes) may be readily transformed into plane coordinates
and the computations relating to them may be made by the ordinary
methods of plane surveying (see also 3.2.21).

3.2.18 Map projection. A function relating coordinates of
points on a curved surface (usually an ellipsoid or sphere) to
coordinates of points on a plane. A map projection may be
established by analytical computation or, less commonly, may be
constructed geometrically.

3.2.19 Map scale. The ratio between a distance on a map and
the corresponding actual distance on the earth's surface.

3.2.20 Meridian. A north-south reference line, particularly
a great circle through the geographical poles of the earth, from
which longitudes and azimuths are determined; or the intersection
of a plane forming a great circle that contains both geographic

poles of the earth, and the ellipsoid.

3.2.21 Militarv Grid Reference Svstem (MGRS). MGRS is a
system developed by DMA for usage with UTM and UPS projections.




3.2.22 Qrthometric height. See elevation.

3.2.23 Parallel. A line on the earth, or a representation
thereof, that represents the same latitude at every point.

3.2.24 ime (initial) meridian. A meridian from which the
longitudes of all other meridians are reckoned. This meridian, of
longitude 0°, was traditionally chosen to pass through the
Greenwich Observatory in Greenwich, England. For new refined
coordinate systems, the location of the prime meridian is defined
by the International earth Rotation Service, Paris, France.

3.2.25 Reference ellipgoid. 2An ellipsoid whose dimensions

closely approach the dimensions of the geoid; the exact dimensions
are determined by various considerations of the section of the
earth's surface concerned. Usually a bi-axial ellipsoid of
revolution. :

3.2.26 Scale factor (projection). A multiplier for reducing

a distance in a map projection to the actual distance on the
chosen reference ellipsoid.

3.3 Units. In this Technical Report all distances are
expressed in meters. Angles are expressed in degrees, radians or
the combination of degrees, minutes, and seconds.

3.4 Sign conventiong. The sign conventions used in this
Technical Report are defined as follows:

a. Elevation. Positive outside or above the vertical datum,
negative inside or below the datum.

b. Geodetic height. Positive outside the reference
ellipsoid, negative inside the reference ellipsoid.

c. Geodetic latitude. Positive in the northern hemisphere,

negative in the southern hemisphere.

d. Geodetic longitude. Zero at the prime meridian, positive
0° to 180°, eastward from the prime meridian, and negative
0° to 180°, westward from the prime meridian.

e. Geoid geparation. Positive outside the reference

ellipsoid, negative inside the reference ellipsoid.

f. Cartesian Z. Positive in the northern hemisphere.

3.5 Unit conversion factors. The standard unit of distance

measurement is the meter. However, MC&G products in many parts of
the world were produced using other units of measurement. The
user must ascertain the units used in non-standard products and
appropriately scale them for use in the equations given in this




technical report. Some commonly used conversion factors are
listed in Table 3.1.

TABLE 3.1 (Conversion Factors.

3.28083333333 U.S. Survey feet
3.28083989501 International feet
0.3048 meter (Exact)

1200/3937 meter (Exact)
0.30480060960 meter

1852 meters (Exact)
6076.10333333 U.S. Survey feet
6076.11548556 International feet
1609.344 meters (Exact)

5280 International feet (Exact)

1 meter

1 International foot
1 U.S. Survey foot

1 Int'l Nautical mile

1 Int'l Statute mile

wnunuw-nnuopon

1 degree = 60 minutes
1 degree = 3600 seconds
1 minute = 60 seconds

6400 U.S. mils 360 degrees

3.5.1 Degrees and radians. A circle contains 360 degrees o

2T radians. If an angle contains d degrees or, equivalently, r
radians, then d and r are related by

_nd
= 180

3.5.2 gSpecifving the unit of angular meagure. In this

Technical Report the unit of angular measure will be specified if
it matters. A general rule of thumb is that angles must be in
radians in an equation that was derived using calculus and
trigonometry. Radians are the usual units in computer evaluation
of trigonometric functions.

(3.1)



4. FUNDAMENTAL CONCEPTS

4.1 Introduction. An understanding of geodesy helps one
understand how to represent the locations of points on or about
the surface of the earth. Terms printed in boldface are defined

in Section 3.2.

a. The location of a point is described by a set of
coordinates. Some types of coordinates, such as
Cartesian (see Section 4.3.1), uniquely identify
three-dimensional locations of points in space. Their
use is computationally efficient in many applications.
However, users often have difficulty visualizing the
relationship of Cartesian coordinates to the surface of
the earth. Geodetic coordinates (see Section
4.3.3) make visualization easier by providing
horizontal coordinates on the surface of a figure
approximating the shape of the earth and a vertical
(height) coordinate above or below the reference
surface.

b. Geodetic coordinates are defined by a geodetic
reference system. A geodetic reference system
includes, but is not limited to, a reference surface
(usually an ellipsoid) and a set of parameters
positioning and orienting the reference surface with
respect to the earth. Over the years, many geodetic
reference systems have been developed for various
localities. These systems are often called local datums
and are not rigorously tied to each other.

c. When applications require that two or more points be
located in a common reference system, transformation
between two coordinate systems may be needed. For
example: both weapon and target must be located in the
same reference system if the indirect fire computations
are to be valid. As the ranges of weapons and target
acquisition systems increased and positional data were
derived from multiple sources, commanders often were
confronted with the problem of using positions on more
than one reference system. With the advent of
satellite geodesy one can establish global geodetic
reference systems and take measurements that
allow local datums to be related to the global
system. The standard global reference system for
DoD is the World Geodetic System 1984 (WGS 84). The
process of relating one reference system to another is
called a datum shift, or datum transformation.
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d. Coordinates generally are represented alpha-
numerically (e.g. latitude 38° 51' 22.45"N and
longitude 77° 26' 34.56"W). Position data for an area
often are represented graphically, as on a map. The
planar representation on a map provides a distorted
view of features on the curved earth's surface.
Geodesists have developed various mathematical methods
to minimize certain types of map distortions, depending
on the intended use of the map. The process of
relating coordinates of points on a curved surface
(usually an ellipsoid or sphere) to coordinates of
points on a plane is called map projection. The
preferred map projections for DoD are the Universal
Transverse Mercator (UTM), used over most of the
landmass, and Universal Polar Stereographic (UPS), used
in the polar regions.

4.2 Reference surfaces. Reference surfaces are used as the

bases for geodetic coordinate systems and elevations.

4.2.1 Reference ellipsoid. A reference surface called the
reference ellipsoid (mathematically described in Section 4.3.2)
is used for defining geodetic coordinates (Section 4.3.3) because
it is regularly shaped, is mathematically tractable, and can
approximate the surface of the earth. Since the earth is
flattened at the poles, an oblate ellipsoid fits the shape of the
earth better than does a sphere. An ellipsoid of revolution is
the reference surface most commonly used in geodesy and is used
throughout this Technical Report. A geodetic coordinate has a
simply defined relationship with the reference ellipsoid and any
other geodetic coordinate because of the regularity and relative
simplicity of the reference ellipsoid's shape. The parameters for
the commonly used reference ellipsoids are listed in Appendix A.
A reference ellipsoid is often chosen to fit the geoid.

4.2.2 Geoid. The geoid is a closed surface of constant
gravity potential approximated by mean sea level (MSL) and the
theoretical extension of MSL through land areas. For purposes of
this technical report, the geoid is considered a reference surface
from which elevations are measured. A reference ellipsoid may fit
the geoid; for example, the maximum difference between the WGS 84
geoid model and the WGS 84 ellipsoid found in Appendix D, Table
D.1 is 102 meters.

4.2.3 Relationghips among topography. the geoid. and the
reference ellipsoid. The relationships among topography, the
geoid, and the reference ellipsoid are illustrated in figure 4.1.

11
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4.3 Earth-fixed coordinate svstems. There are many

coordinate systems used to represent positions on or near the
earth. The coordinate systems used in this Technical Report are
all earth-fixed. A coordinate system is earth-fixed if the axes
are stationary with respect to the rotating earth. Two primary,
earth-fixed coordinate systems, Cartesian and geodetic, are
discussed in Sections 4.3.1 and 4.3.3, respectively. Conversions
from one to the other are presented in Section 4.3.4.

4.3.1 Cartesian coordinates (X, Y, 7). The Cartesian

coordinate system used in this Technical Report is a right-hand,

rectangular, three-dimensional (X, Y, Z) coordinate system with

an origin at (0,0,0). When the origin is also at the mass center
of the earth, the coordinate system is said to be geocentric.

4.3.2 r i i m ren 113 i
relationship. The relationship of the Cartesian coordinate system
to the reference ellipsoid is shown in figure 4.2. The Z-axis,
the axis of rotation (semi-minor axis) of the ellipsoid, is nearly
parallel to the axis of rotation of the earth. The Z-coordinate
is positive toward the North pole. The X-Y plane lies in the
equatorial plane, the plane swept out by the semi-major axis as
the ellipse is rotated. The X-axis lies along the intersection of
the plane containing the prime (initial) meridian and the
equatorial plane. The X-coordinate is positive toward the
intersection of the prime meridian and equator. The reference
ellipsoid satisfies the equation

X2 Y? 72 '
;+’§+§=1 (4.1)

Here, a and b,. respectively, denote the semi-major and semi-minor
axes of the ellipsoid. This surface can be generated by rotating
an ellipse defined by

X2 Z2
§+§=1 (4.2)

about the Z-axis. 1Ideally, for global applications, the Z-axis
coincides with the mean axis of rotation of the earth and the
origin is the center of mass of the earth. Often, in practice, an
ellipsoidal surface is fitted to a local aréa so that the origin
and axes vary slightly from ideal coincidence.

13



Reference
Ellipsoid

(0,0,0)

Figure 4.2 The geometric relationship between Cartesian )
and geodetic coordinates.
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4.3.2.1 First eccentricity and flattening. Two important
constants are the (first) eccentricity € and flattening f that are
related to a and b by

2 - 2
82=L"£ (43)

Frequently a and f are given, rather than a and b, as the
defining parameters of a reference ellipsoid

4.3.2.2 Ellipsoid parameters. Appendix A contains a list of
reference ellipsoids and their parameters. These can be divided
into two categories: those, such as the Bessel Ellipsoid, that are
used to approximate the shape of the earth for a local area and
those, such as the WGS 84 Ellipsoid, that are used to yield a
global approximation to the shape of the earth.

4.3.3 Geodetic coordinates (§, A, h). Geodetic coordinates
" consist of geodetic latitude (¢), geodetic longitude (M), and
geodetic height (h). Their relationship to the reference

ellipsoid is shown in figure 4.2. For an ellipsoid that satisfies
equation 4.1, the normal SP intersects the ellipsoid at Q. The
angle between the normal SP and the eguatorial (X-Y) plane is
called the geodetic latitude (§) of point P. The meridian plane
containing point P is defined as the half-plane containing the Z-
axis and point P. The angle between the prime meridian (X-Z)

plane and the meridian containing point P is the geodetic
longitude (A) of point P. Geodetic longitude is not defined when
P lies on the Z-axis. The distance from Q to P is called the
geodetic height (h).

4.3.3.1 Latitude and longitude limits.

Latitude limits:
-90° to +90°
-90° at the South Pole
0° at the Equator
+90° at the North Pole

Longitude limits:
0° at the Prime meridian
180°W (-180°) to 180°E (+180°)

4.3.4 Coordinate conversion. Two basic earth-fixed
coordinate systems, geocentric Cartesian coordinates and geodetic
coordinateg, have been introduced in Sections 4.3.1 and 4.3.3.
The following section explains how coordinates in one system can

15



be transformed to the other. In Section 6, transformations
between coordinates on two different reference ellipsoids are
discussed. Map projections are treated in Section 7 and the
general conversion process is summarized in Section 8.1.

4.3.4.1 Geodetic to Cartesian coordinate conversion. If
geodetic coordinates (0, A, h) are known, then the Cartesian
coordinates are given by

X = (Ry + h) cos ¢ cos A (4.4)
Y = (Ry + h) cos ¢ sin A

2
Zz(—g—zRN+h)sin¢

where Ry, the radius of curvature in the prime vertical, is given
by

a2
Ry = (4.5)
" " a2 cos? § + b2 sin? §

a
V1 - €2 sin? ¢

See Figure 4.2. Eqguation sets 4.4 and 4.5 are exact. Calculating
h from elevation (H) is discussed on section 6.5.

4.3.4.2 Cartesian to geodetic coordinate conversion.

4.3.4.2.1 Elgd;gg_L. In the reverse case, when (X, Y, Z)
are known but (¢ ,A, h) are unknown,

for the longitude (A) is given by
Y
X # 0,all Y, A = arctan X (4.6)
X = 0, Y >0, A= 90°E (+90°)
X = 0, Y < 0, M= 90°W (-90° or 270° E)
X =0, Y = 0, A is undefined

Equation set 4.6 is exact. Take care to ensure that the
evaluation of the arctan function yields a value of A lying in the

desired quadrant.

4.3.4.2.2 Finding Q. when (X, Y) is not (0, 0), the general
equations for ¢ and h are more involved. The method presented for

finding ¢ is an iterative procedure of Bowring. Following Rapp
(1984, pp. 123-124), one finds an initial approximation to a

variable P given by
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tan . (4.7)
BO bVxz + v2 .

Once Py is obtained, substitute it for B in the equation

Z + €2Db sin3 B

tan Q= (4.8)
¢ VX2 + Y2 - a € cos3 B

Here €2 and €'2 are given by

2 _ b2
£ = é“g;——— = 2f - f2 (4.9)
ez _ a? - b2 £2
- bz 7 1 - g2

This approximation to ¢ is substituted into
tan B = (1 - £) tan ¢ (4.10)

to give an updated approximation to B. This procedure, of using
the latest approximation of B (equation 4.10) to produce an
updated approximation of ¢ (equation 4.8), and then using this new
value of ¢ to update B, can be continued until the updated value
of ¢ is sufficiently close to the previous value. For many
purposes, one iteration is sufficient when using the Bowring
method, so that ¢ can be found directly from equation 4.8, using
the original value of Bo- Rapp (1984, p. 124) states that for

terrestrial applications, one such iteration yields values
accurate to within 0.1 millimeter. 1In the polar case (X = 0,

Y = 0, Z), the latitude () is defined to be +90° (90°N) for
positive Z wvalues and -90° (90°S) for negative Z wvalues.

4.3.4.2.3 calculating h. Once § has been calculated, in
non-polar areas h can be found from

VX2 + v
> = _ R, (4.11)

b= cos ¢ .

In polar regions it is preferable to use

Z
= - 2
h=gig R+ &R (4.12)

where Ry is defined in equation 4.5.
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Note: For many applications h is not required and need not be
calculated. An exception to this statement is the computation of
height or elevation for the Global Positioning System (GPS).

4.4 Representation of Geodetic Coordinates Latitude is
given before longitude. Latitude and longitude usually are
numerically represented as: decimal degrees (e.g. 44.44° N);
integer degrees and decimal minutes (e.g.44° 44.44'S); or integer
degrees, integer minutes and decimal seconds (e.g. 44° 44' 44.44"

E). For clarity, numeric fields representing degrees, minutes and
seconds should be ended by the appropriate symbol, respectively
wo® *'* and " " ". Numeric fields with a value of zero should be

indicated by a "00", and not left blank. The hemisphere of both
latitude and longitude must be shown, preferably by placing an "N*"
or "S" at the end of numeric latitude and an "E" or "W" after
numeric longitude.

4.5 Height Relationghips.

4.5.1 Elevations. Throughout this Technical Report, the
term elevation (H) is used to denote the distance of a point
above the geoid or vertical reference surface as measured along
the plumb line. A plumb line follows the direction of gravity and
is perpendicular to all equipotential surfaces of the Earth's
gravity field that intersect it. Points lying outside the geoid
are defined as having positive elevation. For the purposes of
this Techncial Report, elevation and orthometric height are
considered equivalent. In practice, the reference surface for
measuring elevations may not exactly coincide with the geoid.

4.5.2 Geoid separation. Geoid separation (N) is the
distance from a reference ellipsoid to the geoid, measured along
the ellipsoidal normal. This is equivalent to the geodetic height
(see Section 4.3.3) of a point on the geoid. Geoid separation is
positive when the geoid lies outside the ellipsoid.

4.5.3 The relationships among H, h, and N. Geodetic height
(h), geoid separation (N), and elevation (H) are depicted in
figure 4.1 and are related by equation 4.13.

h=H4+N (4.13)
4.5.3.1 Notational use of H and h. This Techncial Report

uses the classical notation of H for elevation and h for geodetic
height. '
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5. GEODETIC SYSTEMS AND DATUMS

5.1 Introduction. A geodetic system serves as the
framework for determining coordinates of points with respect to
the earth. Modern global geodetic systems, such as the World
Geodetic System 1984 (WGS 84), (see Section 5.4), have been
established using techniques of satellite geodesy. Typically,
they are defined by a geocentric Cartesian coordinate system with
the Z-axis along the mean rotation axis of the earth and the X-
axis through a longitude reference.

a. DoD World Geodetic Systems have an associated reference
ellipsoid and a geoid model. The geoid model is sometimes
used as a reference surface for elevations. World
Geodetic Systems provide a consistent framework for
determining geodetic positions.

b. Local geodetic systems are established by a variety of
techniques. Typically, they consist of a geodetic datum
(see Section 5.2) for horizontal control and a vertical
datum (see Section 5.3) for elevations. Any given local
geodetic system covers only a small fraction of the
earth's surface. Local geodetic datums and vertical
datums generally are independent of each other.

5.2 Geodetic (horizontal) datums. A geodetic datum has a

earth-fixed reference ellipsoid that may have been fit, in some
manner, to the surface of the earth in the area of interest.
Geodetic datums have parameters that define the size and shape of
the ellipsoid.

5.2.1 Background. Historically, local geodetic datums have
an origin, on the surface of the earth, that relates the geodetic
coordinate system to the ellipsoid. For these local datums, the
ellipsoid semi-minor axis generally does not coincide with the
earth's mean rotation axis. However, the North American Datum
1983 (NAD 83) was developed using the same satellite geodesy
techniques used for global geodetic systems. This modern datum
has an origin at the center of the reference ellipsoid, and the
semi-minor axis coincides with the mean rotation axis of the
earth. Without reference to the word vertical, the word datum, as
used in this Technical Report, means geodetic (horizontal) datum.

5.2.2 Geodetic datums and WGS 84. Over the vears, hundreds

of geodetic datums have been developed for various locations.
Currently, 113 local geodetic datums have been tied to WGS 84.
Coordinate transformations from local datums to WGS 84 are
discussed in Section 6.
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5.3 Vertical datums and elevations. By definition, a
vertical datum is a surface of zero elevation. Elevations are
measured (positive upward) from the vertical datum. Ideally, a
vertical datum would closely approximate the geoid.

5.3.1 Backaround. As a practical matter, it is impossible
to access the geoid surface directly for use as a vertical datum.
Historically, tide gage measurements were averaged over many years
to establish the local mean sea level (MSL) references for
vertical datums. The National. Geodetic Vertical Datum of 1929
(NGVD 29), which is based on tide gage measurements and precise
leveling surveys, is estimated to be within a few meters of the
geoid. There is greater uncertainty in the relationships between
the geoid and other local vertical datums.

5.3.2 rtical nd mean level (MSL). The exact
relationships between different vertical datums are unknown.
Therefore, when shifting datums, all elevations are considered
referenced to MSL regardless of the vertical datum used to
establish them. For Army applications, two exceptions to this
rule are:

a. Conversion of elevations derived from WGS 72 geodetic
height measurements to WGS 84 coordinates (see Section
6.7.1).

b. Civil works, engineering and construction applications
are outside the scope of this Technical Report.

5.3.3 Relationshi nl 1 rtical horizontal
datums. Generally, vertical datums and horizontal datums are
independently defined. For example, NGVD 29 is the major vertical
datum, while the North American Datum 1927 (NAD 27) and NAD 83 are
the major horizontal datums used in North America.

5.4 rl i m 1984 4). A world geodetic
system provides the basic reference frame, geometric figure and
gravimetric model for the earth, and provides the means for
relating positions on various local geodetic systems to an earth-
centered, earth-fixed (ECEF) coordinate system.

a. WGS 84 is the current standard DoD geodetic system. WGS
84 is the latest in a series of DoD-developed world
geodetic systems. It is a replacement for WGS 72, the
previous DoD standard ECEF world geodetic system.

b. The origin of the WGS 84 coordinate system is the center
of mass of the earth. The WGS 84 Z-axis is parallel to
the direction of the Conventional Terrestrial Pole (CTP),
as defined by the Bureau International de 1'Heure (BIH).
The WGS 84 prime meridian is parallel to the BIH Zero
meridian. The X-axis is the intersection of the plane of
the WGS 84 reference meridian and the CTP equatorial
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plane. The epoch is 1984.0. The Y-axis completes a
right-handed, earth-fixed Cartesian coordinate system.

c. The WGS 84 reference ellipsoid is a geocentric ellipsoid
of revolution. The WGS 84 coordinate system origin and
axes also serve as the geometric center and the X, Y, and
Z axes of the WGS 84 ellipsoid. WGS 84 ellipsoid
parameters are given in Appendix A.

d. The WGS 84 geoid model can be used to convert between
' elevations and geodetic heights (see Section 5.5).

e. Datum shift techniques and parameters needed to relate
positions on many local datums to WGS 84 were also
developed as part of WGS 84 (see Section 6 and Appendices
B and E).

f. Only those portions of WGS 84 related to the purpose of
this Technical Report were described above. A
comprehensive view of WGS 84 can be obtained from DMA TRs
8350.2 (1991), 8350.2-A (1987), and 8350.2-B (1987).

5.5 WGS 84 referenced elevations. Sometimes elevations
must be generated from geodetic heights, without reference to a
local vertical datum. For example, satellite positioning systems,
like the Global Positioning System (GPS), establish coordinates
geometrically and cannot directly measure elevations. An
elevation can be obtained from a WGS 84 geodetic height using:

H = hwcs g4 ~ Nygs sz (5.1)

where Nygs g4 is the value of WGS 84 geoid separation for the WGS 84
geodetic position of the point. Appendix D contains a method for
interpolating Nygs g4 from a table of grided values. Table D.l is a
list of Nygs g4 On a 10° x 10° grid. It is useful for moderate
accuracy mapping and charting applications. TEC will furnish
qualified users with either digital 30' x 30' or 1° x 1° Ny g

tables or spherical harmonic expansion tables for survey and high
accuracy applications. Requests should be sent to the address in
the preface.
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6. DATUM SHIFTS

6.1 Introduction. Several methods are available to shift
coordinates from one geodetic datum to another. To develop these
shifts, coordinates of one or more physical locations must be
known on both datums. Typically, for the local datum to WGS 84
shifts presented in this Technical Report, the WGS 84 coordinates
of local datum survey control points were determined using Doppler
satellite observations. Two classes of datum shift methods are
geometric transformation and polynomial fitting techniques. Only
geometric transformations are discussed here.

a. The generalized geometric transformation model assumes
the origins of the two coordinate systems are offset from
- each other; the axes are not parallel; and there is a
scale difference between the two datums. This seven-
parameter model is discussed in Section 6.2. Data from
at least three well-spaced positions are needed to derive
a seven-parameter geometric transformation.

b. The number of parameters in a geometric transformation
model can be reduced. The commonly used three-
parameter model neglects rotations between coordinate
systems axes and scale differences between datums. Only
the origins are offset. The three-parameter model is
discussed in Section 6.3. Data from one or more
positions are required to derive a three-parameter
geometric transformation.

c. The WGS 72 to WGS 84 transformation, given in Section
6.4, is a special five-parameter geometric
transformation. When WGS 84 superseded WGS 72 as the
DoD-preferred reference system, this transformation was
created specifically to transform WGS 72 coordinates to
WGS 84 coordinates.

d. Heights used for datum shifting are treated in section
6.5. Shifting of vertical datums is discussed in Section
6.7.

6.1.1 Shifting between two local datums. The datum
shift methods given in this Technical Report are for shifting from
a local datum to WGS 84 and from WGS 84 to a local datum. When
shifts are needed between two local datums, shift the coordinates
on the first local datum to WGS 84, then shift the WGS 84
coordinates to the second local datum.

6.1.1.1 Shifting from NAD 27 to NAD 83.
The software package NADCON has been recommended as the standard
method for transformations between the North American Datum of
1927 (NAD27) and the North American Datum of 1983 (NAD 83) by The
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Federal Geodetic Control Committee (Federal Register.) Corpscon,
a package incorporating NADCON, is mandated for the Army Corps of
Engineers (ETL 1110-1-147.) Because NADCON is a survey tool it is
beyond the scope of this Technical Report. Questions can be
addressed to the Survey Division of TEC at the address in the
preface, (703)355-2798, or to the National Geodetic Survey at
(301)713-3178.

6.2 ven-paramn r metri ransformation. The seven-

parameter transformation, the most general transformation between
local and global Cartesian coordinates, is considered in

DMA TR 8350.2-A (1987). The underlying assumption for this seven-
parameter model is that the local and WGS 84 Cartesian axes differ

by seven parameters: three rotational parameters (M, €, Y), a
scale change AS, and three origin shift parameters (AX, AY, AZ).
See Figure 6.1.

XWGS 84

FIGURE 6.1. Relationship between coordinate axes in a
seven-parameter geometric transformation.

6.2.1 Transformation to WGS 84 Cartesian coordinates. For

the seven-parameter model, the local and WGS 84 Cartesian
coordinates are related by

Xycs 84 = Xpgs + AX + OY 55 - Y2 + ASXLGS (6.1)
Yues 84 = Yras + AY - X oo + €215 + ASY ¢
ZWGS 8¢ = Zygs + AZ + YXigs - €V g + ASZ, s
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The subscript LGS designates Local Geodetic System coordinates and
the subscript WGS 84 designates World Geodetic System 1984
coordinates.

6.2.2 Transformation to LGS Cartegian coordinatesg. The
equations for converting WGS 84 geocentric Cartesian coordinates
to local Cartesian coordinates are

Xies = Xugs 84~ AX - OYyes g4 + Wlyes sa - ASXycs 84 (6.2)
Yigs = Yuas g~ AY + OXyeg g0 — € Zygg g - ASYyes a4

Zigs = Zygs s~ AZ - WXygg g4 + € Yygs gs - ASZyes g4

6.2.3 Parameter values. The parameters AX, AY, AZ, ®, €,

Y, and AS, for the European 1950 and Ordinance Survey of Great

Britain 1936 datums are tabulated in Appendix E. Use of seven-
parameter datum shifts for some applications in Europe and Great
Britain is proscribed by STANAG 2211. Since the values of the

rotational parameters ®, €, and Yare given in the table in arc
seconds, these values must be converted to radians before using
equation sets 6.1 and 6.2.

6.2.4 Accuracy of geven-parameter transformation. The RMS
differences between WGS 84 surveved and transformed coordinates
using the seven-parameter datum transformations are given in
Appendix E. For some datums, the accuracies for the seven-
parameter transformation are not an improvement over those for the
three-parameter transformation. Eguation sets 6.1 and 6.2 provide
good approximations to a rigorous orthogonal transformation when

®, €, VY, and As are small.

6.3 Three-parameter Y, AZ metric transformati

Frequently, it is not practical to determine the parameters for a
seven-parameter geometric datum shift or implement such a shift
method. Often, only an origin shift, three-parameter model is
used as shown in figure 6.2. The three-parameter datum
transformation satisfies the requirements of most mapping and
charting applications. The three-parameter model can be applied
directly to Cartesian coordinates (see Sections 6.3.1 and 6.3.2)
or used to compute shifts in geodetic coordinates wvia the
Molodensky equations (see Section 6.3.3)

a. The datum shift parameters (AX, AY, AZ) are the
coordinates of the origin of the local reference
ellipsoid in the WGS 84 Cartesian coordinate system.

b. Datum shift parameters for 113 local geodetic systems are

listed in Appendix B, Table B.1l. The area covered by the
datum shift parameters, the local datum ellipsoid, and
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the estimates of the errors in the datum shift parameters
also are given. Derivation of AX, AY, and AZ datum shift
parameters is discussed in DMA TR 8350.2-A (1987).

Z LGS
A
iwcs 84

YLGS

YWGS 84

XWGS 84

FIGURE 6.2. Relationship between coordinate axes in a
three-parameter geometric transformation.

6.3.1 Transformation to WGS 84 Cartesian coordinates. 1In
certain cases, AX, AY, and AZ datum shift parameters can be '

applied directly to convert local geodetic system coordinates to
WGS 84 Cartesian coordinates as follows:

Xugs 84 = Xpgs + AX (6.3)
Yycs 84 = Yigs + AY
dycs 84 = Zygs + AZ

Equation set 6.3 is a subset of equation set 6.1 with ®, ¥, €, and
AS set to zero.

6.3.1.1 Three-step method: Transformation to WGS 84 geodetic
coordinates. Local geodetic coordinates can be shifted to WGS 84

coordinates in three steps:

a. Convert local geodetic coordinates to local geocentric
Cartesian coordinates using equation set 4.4. Ensure
that local ellipsoid parameters are used.

b. sShift the local geocentric Cartesian coordinates to

WGS 84 geocentric Cartesian coordinates using equation
set 6.3.
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c. Convert WGS 84 geocentric Cartesian coordinates to WGS
84 geodetic coordinates using the methods discussed in
Section 4.3.4.2. Ensure that WGS 1984 ellipsoid
parameters are used.

6.3.2 Transformation to local geodetic coordinates. To

convert WGS 84 Cartesian coordinates to the local geodetic system,
apply AX, AY, and AZ datum shifts as follows

XLGS = Xygs 84 ~ AX
Yies = Yugs 84 ~ AY
digs = Zyes 84 ~ AZ

(6.4)

Equation set 6.4 is a subset of equation set 6.2 with ®, Y, €, and
AS set to zero.

6.3.2.1 Three- method: Transformation 1

coordinates. To shift WGS 84 geodetic coordinates to local
geodetic coordinates '

a. Convert WGS 84 geodetic coordinates to WGS 84 geocentric

Cartesian coordinates using equation set 4.4. Insure

that WGS 84 ellipsoid parameters are used.

Shift the WGS 84 geocentric Cartesian coordinates to

local geocentric Cartesian coordinates using equation
set 6.4. '

Convert the local geocentric Cartesian coordinates to
local geodetic coordinates using a method of Section

4.3.4.2. Insure that local ellipsoid parameters are
used.

6.3.3 Molodensky shifts. The standard Molodensky method is
an approximation to the three-step transformation methods of
Sections 6.3.1.1 and 6.3.2.1. To use the Molodensky methods to
transform local geodetic coordinates to WGS 84 geodetic

coordinates, calculate A9, AA, and Ah shifts using the standard
Molodensky formulas Rapp, 1987.

Ad = [- sin G cos AAX - sin ¢ sin LAY + cos $AZ

€2 si
N sin % cos O Aa

(6.5)

+ sinfcosG (2N + €'2 M sin? ¢) (1-£)A£]1/[M + h]

Ab - [-sin A AX + cos A AY]
- [(N + h)cos 0]
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Ah = cos O cos AAX + cos @ sin AAY + sin G AZ

a - f) sin? ¢ (Af)

- W Aa + W

in which

a(l - g2)
M = v
a
N:w
¢=¢LGS
7\‘=7\'Lcs
2 _ h2
g - 2 2b = 2f - f2
a
aZ_bZ 82
8'2“ —
b2 1 - g2

The units of A and AA are radians. Note that N = Ry of equation
set 4.5.

Note: Most applications do not require shifting geodetic heights,
so Ah does not need to be computed or applied. Geodetic heights,

which are used to compute datum shift parameters, are a special
construct that may not be well related to the local geodetic

system. Do not use Ah to shift local geodetic heights. If this
is a requirement, seek competent geodetic council.

a. 2pply the A¢, AA, and Ah chifts as follows:

Oucs 84 = Ores + Adpes (6.6)

)"wcs 84 = ?"LGS + A"'LGS
hwcs ga = Digg + AhLGS

where A, AXLGS, Ah, .. are computed from equation set

6.5 using Qugs. Apeg, Digs, Semi-major axis and flattening
for the local geodetic system. AX, AY, and AZ are found
in Appendix B. Aa and Af are calculated as follows;
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Aa = augs gq - Bias
Af = fwc;s 84 = fLGS

Note: See section 6.5 for use of hpgg.

b. The Molodensky formulas can also be used to convert from
WGS 84 to the local geodetic system:

Ores = Qucs 84 + AQycs 84 (6.7)
A‘LGS = 7"wcs gg t A7\wc’;s 84

Niee = Dyeg as + Ahyes g4

where AQus gsr Ahyes gar and Ahygg g, are computed using Qugs g4
Kw@;u, hyes sa» WGS 84 semi-major axis and flattening, and
the signs of AX, AY, and AZ, as given in Appendix B, are
reversed. Aa and Af are calculated as follows

Aa = a;gs - Ayes sa
Af = fLGS - fwc:s 84

Note that ellipsoid parameters a and f are found in Table A.1l,
Appendix A.

6.3.4 AX, AY, and AZ shift valuegs. Appendix B (Table B.1)
contains the AX, AY, and AZ values for the three-parameter methods
of converting local geodetic systems to WGS 84. The accuracies,
in terms of error estimates for AX, AY, and AZ, are given in

Appendix B. A further discussion of the accuracy of these
parameter shifts will be given in Section 6.3.5.

6.3.5 r f AX, AY, and AZ shif ram rs. Error

estimates for AX, AY, and AZ are tabulated in Appendix B. These
estimates include the errors associated with the Doppler stations
as well as the residual differences between transformed local
system coordinates and the reference WGS 84 coordinates used to
develop the datum shifts. (A Doppler station refers to a position
where the WGS 84 coordinates were obtained by observing and
processing of TRANSIT satellite data.)

a. For 38 datums, datum shifts were developed using a single
Doppler station. For these datums, no measure of
internal consistency of the datum shifts is calculable,
and DMA has assigned an accuracy value of 25 meters in
each coordinate. These error statistics do not reflect
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any errors in the coordinates used to compute the datum
shift.

b. Datum shifts for eight datums were calculated from -
sources other than Doppler stations for WGS 84 geodetic
coordinates. No error statistics are provided for these
datums.

c. Geodetic coordinate difference error estimates can be
approximated from rectangular coordinate errors using the
following spherical relationships:

Opp = \[(GAX sin cosM)2 + (Opy sin® sind)2 + (Gy, cos )2
Opp = V ( Opx Sink)2 + (G, cos)? (6.8)
Op, = '\/((SAX cosd cosA)? + (Gpy cos® sind)2 + (O, sind)?

Note that these relationships neglect any correlations
that may exist between the error estimates for AX, AY
and AZ.

6.3.6 Local datum digtortion. For some local datums, such
as the Australian Geodetic datums, one set of AX, AY, and AZ datum
shift parameters provides a consistent measure of the datum shifts
throughout the datum. For other datums, AX, AY, and AZ shift
parameters for the whole local datum, called mean-value datum
shift parameters, poorly fit one or more regions within the datum.
Regional variation in the datum shift parameters may result from
using different, poorly connected surveys to establish the
geodetic control on the local datum; from rotation of the local
datum; and from scale differences. An extreme example of regional
datum shift variation is the AY component for the ARC 1950 datum.

The mean-value AY is -90 meters. However, AY ranges from -5 to -
108 meters for different countries covered by the ARC 1950 datum.
Appendix B (Table B.1l) contains regional AX, AY, and AZ datum
shift parameters for 17 local datums. For these datums, one should
base the selection of mean or regional AX, AY, and AZ shift
values on the accuracy required for the application. Only mean

value three-parameter shifts are available for the remaining
datums listed in Table B.1.

6.4 72 4 transfor ion. WGS 84 has replaced
WGS 72 as the accepted geodetic reference system for most DoD
applications. The WGS 84 system, developed through a more
extensive set of satellite-derived and surface data than was
available at the start of WGS 72, is an improved geometric and
gravitational model of the earth. Whenever possible, WGS 72
coordinates should be converted to the WGS 84 reference system.
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6.4.1 Selecting a conversion method. Before selecting a WGS
72 to WGS 84 conversion method, find the source of the WGS 72
coordinates. Select the conversion method using the guidance in
Table 6.1.

TABLE 6.1. Selecting a WGS 72 to WGS 84 Transformation Method.

r 72 rdin Transformation Method
1. Doppler satellite station. Direct (6.4.2)

2. Local datum to WGS 72 transformation. Local datum to WGS 84
Local datum coordinates known. transformation
(6.2, 6.3, 6.6)

3. Local datum to WGS 72 transformation. Two-Step (6.4.3)
Local datum coordinates unknown. Shift method known

4. Local datum to WGS 72 transformation Direct (6.4.2)
using localized datum shift parameters
derived for nearby WGS 72 Doppler
station. Local datum coordinates unknown.

5. Unknown. Direct (6.4.2)
Accuracy unknown
6.4.2 Direct WGES 72 to WGS 84 transformation. The direct

WGS 72 to WGS 84 transformation reflects fundamental changes
between the WGS 72 and WGS 84 systems. Changes include a shift in
coordinate system origin, a shift in longitudinal reference
(initial meridian), a change in system scale, and changes in
ellipsoidal parameters. For WGS 72 coordinates not originating in
the WGS 72 system (i.e., non-Doppler-derived coordinates), take
care when employing the direct WGS 72 to WGS 84 transformation, as
any inaccuracies and uncertainties inherent in the WGS 72
coordinates will be directly transferred into the derived WGS 84
coordinates. These inaccuracies and uncertainties are generally a
result of local geodetic system to WGS 72 coordinate
transformations using mean rather than localized datum shifts.
Thus, every effort should be made to find the source of all WGS 72
coordinates before doing a direct WGS 72 to WGS 84 transformation.

6.4.2.1 nv ion ions. It is important to note that
the relationship between the WGS 72 coordinates and the WGS 84
coordinates cannot be described by a three-parameter model (see
Section 6.3).
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a. The equations for the direct WGS 72 to WGS 84 geodetic
coordinate transformation are

¢wcss4 =¢was72 + AQ (6.9)

7"wc;s 84 = )‘wcs 72 + AN
hyes 82 = hyes 72 + Ah

where
4.5 cos Af sin 2
Ad = Qucs 77 + Ougs 72 (arc seconds)
a'WGS 72 Q Q
AA = 0.554 (arc seconds)

Ah = 4.5 sinueg 75 + 8yugg 72 AL sin? Ouee 7y - Aa + AT (meters)

Af 0.3121057 x 10-7

L

Augs 72 = 6378135 (meters)

Aa = 2.0 (meters)

Ar = 1.4 (meters)
71

Q = T80 - 3600

b. The equations for the direct WGS 84 to WGS 72 geodetic
coordinate transformation are:

q)wc;s 72 = q)wc;s g4 + A(I) :
Mics 72 = Awgs sa + AM (6.10)

hyes 72 = hyes ga + Ah

where

_ Oues 81 _ Qucs 84 (arc seconds)

Aucs 84 Q Q
AN = -0.554 (arc seconds)
Ah = -4.5 sin - aygs gy AL sin? Qyeg g, + Aa - AT (meters)
Af = 0.3121057 x 10-7
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Aues g4 = 6378137 (meters)
Aa = 2.0 (meters)
Ar = 1.4 (meters)
L
Q=780 - 3600

Elevation based on the WGS 84 geoid model will be different from
elevations based on the WGS 72 geoid model due to differences in
the geoid models (see Section 6.7.1 for conversion).

6.4.2.2 Eg;;mg;gd_g;;g;g_ig&myggﬂﬁg&ml. The estimated errors

in a direct WGS 72 to WGS 84 transformation are

Oy = 3 m (6.11)

GA¢
Opp = 3 m to 4 m

These error estimates do not include errors in the original WGS 72
coordinates. The accuracy estimate for Oy, reflects discrepancies
between WGS 72 and WGS 84 geoid models.

6.4.3 Two-step WGS 72 to WGS 84 transformation. If WGS
72 coordinates are known to have been derived from local geodetic
system coordinates using WGS 72 AX, AY, and AZ datum shift
parameters, the preferred method for transforming them to the WGS
84 system is to do a two-step conversion. First, do a WGS 72 to
local transformation using the inverse of the transformation
originally used to shift local datum coordinates to WGS 72. This
step will eliminate the inaccuracies introduced using local to WGS
72 datum shifts. Next, do a local geodetic system to WGS 84
conversion to produce coordinates within the WGS 84 system (see
Sections 6.2, 6.3, or 6.6). Seppelin (1974) provides mean value
local datum to WGS 72 datum shift parameters.

6.5 roximatin i igh for m
Transformation. When doing the Molodensky approximation (Section
6.3.3), ellipsoidal height (h) is often unavailable. MSL height
(H) can be substituted for h without introducing errors in .
horizontal position significant to mapping and charting
applications. The inpact of this substitution is so small that
zero can be used in place of h, if H is unavailable.

NOTE: The generation and usage of local datum ellipsoidal

heights are outside the scope of this Technical Report. For such
applications, consult TEC at the address in the foreward.
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6.6- Multiple regression equations (MRE), The use of MREs

for datum shifting is not recommended.

6.7 Vertical hifts. Because exact relationships
between vertical datums are unknown, shifting elevations between
different vertical datums should not be attempted, except for WGS
72 elevations computed from measured WGS 72 geodetic heights (see
Section 6.7.1.) Otherwise, the following are assumed to be the
same:

a. Elevations on different local vertical datums.
b. Elevations computed from measured WGS 84 geodetic helghts
and WGS 84 geoid separations.

It is estimated that errors resulting from this assumption will be
one to two meters. Should the accuracy be insufficient, contact
TEC at the address listed in the foreword for assistance.

6.7.1 llite-deri 72 el ion n_m r
WGS 72 geodetic heights. The WGS 84 geoid model is a closer

approximation to the geoid than the older WGS 72 geoid model.
Elevations obtained from WGS 72 geodetic height measurements and
geoid separations may be improved by converting to WGS 84 using

H = Hygs 72 + Nygg 72 + Ah - Nygg g4 (6.12)

where Hyss 7, is the elevation computed using the WGS 72 geoid,

Nygs 72 1s the WGS 72 geoid separation, and Ah is computed using
equation set (6.9).

6.7.2 gSurvev-derived elevations. Elevations obtained by
conventional leveling surveys, for points with WGS 72 geodetic
horizontal coordinates, should not be converted to WGS 84
elevations. Simplified procedures to convert WGS 72-derived
elevations to WGS 84 are not recommended.

6.8 Unlisted datumg. This Technical Report provides datum
shift parameters between 113 local datums and WGS 84. Regional
shift parameters are also given for portions of many of these
datums. Contact TEC at the address given in the foreword for any
datums and their respective shift parameters that are not listed

~in this Technical Report.
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7. MAP PROJECTIONS

7.1 Introduction. Map projections are used to represent the
earth's features or points on a map or in a plane coordinate
. system. A map projection is a systematic representation of a part
of the earth's surface on a plane.

7.1.1 The map proijection process. The map projection

process can be done in three steps:

(1) The positions of points on the surface of the earth (¢,Zq
h) are reduced to positions on the reference ellipsoid (¢,
A, h = 0). '

(2) Next, a map projection is chosen and used to transform
the feature's geodetic coordinates (§, A, h = 0) into
planar map projection coordinates (X, ¥Y). ‘

(3) Finally, the map projection coordinates of the features
may be plotted, on a map, or stored for future use.

7.1.2 Properties of projectiong. Once the earth's surface
is projected on a plane, one can observe such properties as
distance, angle, direction, shape, and size. None of the
projections described in this Technical Report faithfully
preserves all these characteristics. Some type of distortion is
always introduced by a map projection. However, a given map
projection can preserve some of these properties, and if a
sufficiently small part of the earth's surface is displayed, then
other properties can be represented approximately. Map
projections presented in this Technical Report have areas of
coverage beyond which the projection should not be used due to
increased distortion.

7.1.3 Mapping equations. The map projections discussed in
this Technical Report have mapping equations that are defined on a
reference ellipsoid and are functions of geodetic coordinates

(0, A). Geodetic height, h, does not enter into the projection
equations since h = 0 on a reference ellipsoid. The equations
that express projection coordinates, X and y, in terms of (¢, X)
are sometimes called mapping equations.

. 7.1.4 Conformal proijection. Each projection presented in
this Technical Report has the important property of being )
conformal. A conformal projection is angle preserving. If two

lines on the ellipsoid meet at an angle of O, then in a conformal
projection the image of these lines on the map meet at the same

angle, O.
7.1.5 Scale factor. Two quantities associated with map

projections, which are often confused, are the scale factor of the
projection and the map scale. The scale factor of the projection
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is used in precise direction and distance calculations using a map
projection's coordinates. The scale factor of a projection is the
ratio of arc length along a differentially small line in the plane
of the projection to arc length on the ellipsoid. This number
depends on both the location of the point and on the direction of
the line along which arc length is being measured. However, for
conformal projections, the scale factor of the projection is
independent of the direction of the line and depends only upon the
location of the point. Since all projections treated in this
Technical Report are conformal, the scale of the projection will
be referred to as the point scale factor (k).

7.1.6 Map scale. The map scale is the approximate number
for converting map distances to terrestrial distances and is
usually published on the map. Technically, the map scale is the
ratio of a distance on the map to the corresponding distance on
the ellipsoid. Although the map scale changes over the area of a
map sheet, it is customary to assign a single value to denote the
map's scale. This value is the true map scale along at least one
line on the map. Usually, the map scale is given by a ratio 1:n,
so that the larger the map scale, the smaller the value of n. For
military maps of scale greater than 1:100,000 (n < 100,000), the
map scale changes only slightly over a map sheet, and the map
scale approximates the ratio of distance on the map to distance on
the ellipsoid. .

7.1.7 nvergen f th ridian. The convergence of the

meridian (Y), often called grid convergence, is used to convert
between direction in the map projection (grid azimuth) and
geodetic azimuth. The convergence of the meridian at a point on a
map is the angle between the projection of the meridian at that
point and the projection North axis (typically represented by the
y axis of the projection). The convergence of the meridian is
positive in the clockwise direction. Convergence of the meridian
should not be confused with declination, which is the difference
between geodetic and magnetic north at the point.

7.1.8 Information sources. Information on map projections
can be found in Krakiwsky (1973); NSWC/DL TR-3624 (1977); U.Ss.
Department of Commerce, Coast and Geodetic Survey, Special
Publication No. 251 (1979); and Geological Survey Professional
Paper 1395 (1987).

7.2 Mercator proijection. The Mercator projection is a .

conformal projection for which the point scale factor is one along
the equator. The equator lies on the line Y = 0. This projection
is not defined at the poles.

7.2.1 Meridians and parallels. Meridians and parallels

provide the framework for the Mercator projection. Meridians are
projected as parallel straight lines that satisfy the equation X =
constant. Evenly spaced meridians on the ellipsoid project to
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evenly spaced straight lines on the projection. Parallels are
projected as parallel straight lines perpendicular to meridians
and satisfy the equation y = constant. Evenly spaced parallels on
the ellipsoid project to unevenly spaced parallels on the
projection. The spacing between projected parallels increases
with distance from the equator. See figure 7.1.

60

50°

0° 20° 40° 60° 80° 100° 120°

FIGURE 7.1. Meridians (longitude) and parallels (latitude)
in the Mercator projection.

7.2.2 Mercator mapping eguationg.

7.2.2.1 Finding (x,v). The following discussion of the
Mercator mapping equations can be found in Geological Survey
Professional Paper 1395 (1987). First, choose a central meridian

(7»0) that represents the zero point on the X axis. Given a point
(0, A), in radians, on the ellipsoid, the corresponding point
(X, y) in the plane is

x = alh - A) (7.1)
T OY 1 - € sin ¢ 5
_ L - sin 2
y—alnlitan(4+211+8sin¢):|
or
a 1 + sin QY1 - € sin @ ) ¢
y_(Z)ln[(l—sin(b l+£sin¢)] (7.2)
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= semi-major axis of the ellipsoid
= eccentricity

where a
€
A, = longitude of the central meridian

$, A and A, are expressed in radians.

7.2.2.2 Ppoint gcale factor and convergence of the meridian.
The equations for the point scale factor (k) and the convergence
of the meridian (Y) are

a

k= N cos ¢

(7.3)

where N =
V1 - €2 sin? ¢

7.2.2.3 Finding (O.A). Next, consider the inverse problem

- of finding (¢,AJ when (X, y) is known. The longitude can be

found from
(7.4)

where both A and A@ are expressed in radians. The value of § can
be found iteratively. Let an intermediate parameter €t be defined

(=)
t=¢e (7.5)
After an initial value of
T _
0, = 5 - 2 arctan t : (7.6)
iterate the following equation for ¢:
T (1 - € sin ¢,)] £
= ] - 2 t ' t - 2 7’
Onis = 3 aretan [ [(1 + € sin ¢n)] ) -7
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Substitute the initial value (¢,) into equation 7.7 to find the
next candidate ¢;. Similarly, substitute ¢, into equation 7.7 to
obtain the updated candidate, ¢,. Continue this process until the
difference between successive values of ¢, is sufficiently small.
Then set ¢ = ¢,. All angles are measured in radians.

7.2.3 Accuracy. The Mercator equations for X, ¥y, k, V¥, and A

are exact. The iterative equation for ¢ can be updated until any
desired accuracy is obtained.

7.2.4 Area of coverage. In the Mercator projection, as the

latitude (¢) approaches the poles, the v coordinate approaches
infinity. Area and length distortion increases with distance from
the equator. For example, the point scale factor is approximately
2 at 60° latitude and 5.7 at 80° latitude. .

7.3 Tran r Mer r (T™M roij ion. The Transverse
Mercator projection is a conformal projection for which the point
scale factor equals one along the central meridian. The line
v = 0 is the projection of the equator, and the line x = 0 is the
projection of the central meridian. The Universal Transverse
Mercator (UTM) projection (see Section 7.4) is a modification of
the Transverse Mercator projection.

7.3.1 Meridians and parallels. Both the central meridian
and the equator are represented as straight lines. No other
meridian or parallel is projected onto a straight line. Since the
point scale factor is one along the central meridian, this
projection is most useful near the central meridian. Scale
distortion increases away from this meridian. (See Figure 7.2.)
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FIGURE 7.2. Meridians and parallels in the Transverse

Mercator Projection. A, is the central

meridian.
7.3.2 Transvergse Mercator mapping eguations.

7.3.2.1 Finding (x.,v). The presentation here follows U.S.
Department of Commerce, Coast and Geodetic Survey, Special
Publication No. 251 (1979). A point with geodetic coordinates ((b,

A) in radians has Transverse Mercator coordinates (X,y) that are

given by

X

A3 '
N A cosd + N GCOS 0 (1 - t2 + M2 (7.8)
N AScos5
+ 120 (5 - 18t2 + t% + 14m2 - 58t2M?)

2
S + NZA sin ¢ cos ¢
4
+ sz sin ¢ cos? O(5 - t2 + 9IMN2 + 4n)

N A
+ 50 sin @ cos® @(61 - 58t2 + t4 + 270M2 - 330t2N?)
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where
a
N = (7.9)
V1 - €2 sin? (]
t = tan ¢
N =¢€'cos §
€2
g2 = ————
(1 - €2)
a2 - b2
£ = ———

a2
Sp = alAp - A, sin 2¢ + A, sin 40
- A; sin 60 + A, sin 80]

Bo = To2= (€5 - S2€°)
By = - TEL- g8

A=A - A, in radians

A, = central meridian in radians

At the poles, where ¢ = + or - /2, the Transverse Mercator
coordinates are x = 0 and y = S¢, a quadrant arc on the ellipsoid.

7.3.2.2 Finding (0. M) .
7.3.2.2.1 Finding the footpoint latitude (¢,). To find (0,

A), given x and y, first compute the footpoint latitude (¢,) using
the following iterative method (See Krakiwsky 1973). The equation
to be iterated to yield the footpoint latitude (¢;) is

: g, -
¢ =¢ - “%;T;! . (7.10)
¢
where
S'¢ = alA, - 2A,cos2¢ + 4A,cos4( - 6A,cos6d + 8Agcos8h] (7.11)

and Sy, A9, A2, A4, Ag, and Ag are defined in equation set 7.9.

Let the first candidate for ¢, be ¢ = y/a. When this value of ¢
is substituted into equation 7.10, the updated candidate for ¢, is
¢'. Similarly, the substitution of @' for ¢ in equation 7.10
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gives the next updated value of (]) . When successive values of (b'
are sufficiently close, then the footpoint latitude is found by

setting ¢; = ¢'. A non-iterative method for finding ¢, can be
found in NOAA Report NOS NGS 5 (1989).

7.3.2.2.2 Finding (6.MA) from ¢,. Once 0, is determined, (0,
7&) can be found from the approximations

=0, - R, [ 2 (Nl) 24 (Nl) * 720 (Nl) (7.12)

1

e hvoe b | 52 G 55 B

where
2 2
B3 = 1 + 2t1 + nl (7.13)
By =5 + 3t2+ Ml - anf -ot’y’
By = 5 + 28t] + 24t; + 61; + 8tin’

Bg = 61 + 90t] + 46M° + 45t; - 252t’n’
- 3m; - e6tin; - gotin? + 225ti !

€2
(1 - €2)
M: = €2 cos? ¢,

€'2 =

a
Nl =
V1 - € sin? o,
a(l - &2
R, = ( )

CWi-esing, )

If ¢, = * 5 then = * 90° (a pole) and A is undefined.
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7.3.2.3 Poin 1 r function of X ;- As a

function of X and ¢,, the point scale factor is given by
Cpxy  Coxy o1 (X¥
k =14+ 5 (Nl) * 54 (Nl) + 750 (Nl) (7.14)
where
C,=1+7 , (7.15)

1+ 6N+ om; - 24ti

@]
=N
]

and t; , M,;, and N; are given by equation set 7.13.

7.3.2.4 Point scale factor as a function of (§.A). As a

function of (¢, A)., the point scale factor is given by

2 2 4 4 6 6
g o1, Dlcos?o C;’S D, , Alcos' o D, ,Afcostd D¢ (7.16)

24 720
in which
D,=1 + T? (7.17)
D, =5 - 4t2 + 14m2 + 13M¢ - 28t2n? - 48t2m¢4
Dg = 61 - 148t2 + 16t4 '

and A, t, and N are g‘iven in equation set 7.9.

7.3.2.5 [ ridi in terms of X and Q.
The convergence of the meridian, in terms of X and ¢,, is
£ix Bp(xy , Boxy o Be (XY
BT RE 6
where
E, =1+ t; -m:- 2m; (7.19)

E, = 2 + 5t + 21° + 3t} + tin} + om; - 7tin;
2 4 6
E, = 17 + 77t + 105t + 45t

and t,, T,, and N; are given by equation set 7-13.

7.3.2.6 Convergence of the meridian in terms of (Q, L), The

convergence of the meridian, in terms of _LQL,_?\_.)_, is
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Y=Asin,¢(l+F2A_2f—'30i‘2+F4A4_clgi‘z M&) (7.20)

Fe 315
in which
Fy =1+ 312 + 21)¢ (7.21)
Fyp=2 - t2 +15M2 + 35M¢ - 15t2n2 - 50t2n4

Fg =17 - 26t2 + 2t4-
and A, t, and Tl are given in equation set 7.9.

7.3.3 Aggurggx. The Transverse Mercator equations for X,
0. A, Sy, ¢,, k, and Y are approximations. Within 4° of the

central meridian, the equations for X, y, 0, and A have an error
of less than 1 centimeter. (See Geological Survey Professional
Paper 1395, 1987.)

7.3.4 Area of coverage. The equations given here for the

Transverse Mercator projection can be used within 4° of the central
meridian. If these equations are used with UTM coordinates, then
consult Section 7.4.1 for guldance on the area of coverage for UTM
coordinates.

7.4 niver Tran r M r M roj ion. The
UTM projection is a family of projections that differ from the
Transverse Mercator projection in these ways (see Figure 7.3):

a. The longitudes of the central meridians (in degrees) are
3 +6n, n=20,...59.

b. The point scale factor along the central meridian is
0.9996.

c. The y value, called the northing, has an origin of 0
meters in the northern hemisphere at the equator. The y
value, called the southing, has an origin of 10,000, 000
meters at the equator and decreases toward the pole in
the southern hemisphere.

d. The X value, called the easting, has an origin of 500,000
meters at the central meridian.

7.4.1 UIM zones. For the UTM grid system, the ellipsoid is
divided into 60 longitudinal zones of 6 degrees each. Zone number
one lies between 180° E and 186° E. The zone numbers increase
consecutively in the eastward direction. It is intended that a
UTM projection should be used only in one of the 6-degree zones,
plus the overlap area. In each zone, the UTM projection extends
for a 40 km overlap into the two adjacent zones. Moreover, UTM
coordinates are used only between 80° S and 84° N plus the overlap
region. The UTM projection extends to 84° 30' N and 80° 30' S to
overlap with the Universal Polar Stereographic (UPS) projections.
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FIGURE 7.3. Meridians and parallels (dashed) and a
Universal Transverse Mercator Grid.

7.4.1.1 Finding the UTM zone and central meridian. To
flnd UTM coordinates from geodetic coordinates, first compute the
UTM zone. A standard zone can be computed directly from geodetic -

longitude. If the geodetic longitude (A) is expressed in positive
radians, then the zone (Z) is

180\
Z = Greatest Integer < (31 + Ten ) for 0 A< T (7.22)

180A
6T

Z = Greatest Integer < ( - 29) for t £ A < 2%

Once the zone (2) is known, the central meridian is given by
equation set 7.23. If a longitude lies on a UTM zone boundary,
then the user must choose the desired UTM zone. If a map is being
used, then the UTM zone appears on the map The central meridian
of zone (z) is

T
(6z - 183)7%~

Ao 180

for (z 2 31) (7.23)

T
A, = (62 + 177)755 for (z < 30)

with A, expressed in radians.
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7.4.1.2 Non-standard width UTM zones. Non-standard

width UTIM zones are used in North Atlantic regions and Norway as
delineated in Table 7.1 (see DMA TM 8358.1 (1990). These non-
standard zones may also be applied in the 30' UPS overlap region.

TABLE 7.1. Non-standard zone limits.

Latitude Longitude
zZone Lower | Upper West | East Central Meridian
31 56° N 64° N Oc E 3°E 30 E
32 56 64 3 12 9.
31 72 84 0 9 3
32 72 84 not used
33 72 84 9 21 15
34 72 84 not used
35 72 84 21 33 27
36 72 84 not used
37 72 84 33 42 39
7.4.2 Reference source. The standard references for the UTM
projection are DMA TM 8358.1 (1990) and DMA TM 8358.2 (1989).
7.4.3 UTM equations.

7.4.3.1 FEinding UTM coordinates (Xym. Vyml. Having found
the central meridian, next compute Transverse Mercator coordinates
(X, ¥), using equation sets 7.8 and 7.9. Then, the UTM coordinates
can be found from:

0.9996 Xg, + 500,000 (7.24)

Xyt =
Yum = 0.9996 you (Northern hemisphere)
Yuyry = 0.9996 yo + 10,000,000 (Southern hemisphere)
Kymy = 0.9996 ko
Yorm = Yom
7.4.3.2 Computing geodetic coordinates. To compute geodetic

coordinates from UTM coordinates, a zone, and a hemisphere, first
solve equation set 7.25 for (Xp, Ymu), equation set 7.23 for A,

and then compute (§, A) from equation set 7.12.

Xmw = 5955¢ (Komu - 500,000)  (7.25)
You = 57&355 (Yurm) (Northern hemisphere)

Yme = 59596 (oms - 10,000,000)  (Southern hemisphere)

Kpy = 0_31-5-9—6— Ky

Yon = Yoru
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7.4.3.3 Discontinuity. Notice that UTM coordinates are
discontinuous in ¥y at the equator.

7.4.4 Accuracy. The accuracy of the UTM equations is based
on the accuracy of the Transverse Mercator equations. Within the
area of coverage, the egquations for X, Vv, ¢, and A have an error

of less than one centimeter. (See Geological Survey Professional
Paper 1395, 1987.)

7.4.5 Area of coverage. The area of coverage for UTM
coordinates is defined by zone limits, latitude limits, and
overlap.

Zone limits: 6° zones, extending 3° to each side
of the central meridian. See Table 7.1
for exceptions to this general rule.

Latitude limits: North: 84°

South: 80°

Zone overlap: 40 km on either side of the zone
limits.

Polar overlap: 30' toward the poles

North: 84° 30
South: 80° 30

7.5 Lambert Conformal Conic projection. The Lambert
conformal conic projection is a conformal projection in which the
projected parallels are arcs of concentric circles centered at the
pole. The projected meridians are radii of concentric circles
that meet at the pole. Moreover, there are one or two parallels,
called standard parallels, along which the point scale factor is
one. (See Figure 7.4.) :
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90°W "~ Pole 90°E

450w 0° 45°E
FIGURE 7.4. Meridians and parallels in the Lambert Conformal
Conic Projection. (Not drawn to scale.)
7.5.1 _Conformal i ith ndar rallels.

This presentation of the mapping equations follows Krakiwsky
(1973). The first case to be considered is the case of two

standard parallels, 0, and ¢,. The point scale factor is one
along both standard parallels. Choose a fixed central meridian,

xo.
7.5.1.1 Finding (X,¥). Begin by fixing a latitude (0,)

- that is below the area of interest. For a given (§, A) the
mapping equations are :

X = r sin LA (7.26)
Yy =¥, - r cos LA

where
A=A-A
-Lg
r=Ke (7.27)
-L
r., =Ke %o
N, cos §; N, cos ¢,
K = _qu = _qu
Le Le
e = base of natural logarithms ( ln e = 1 )

0, = first standard parallel
0, = second standard parallel
a

" V1 - e sin? 0

N
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£
~ T OYlL - €sin ¢ }
q=in [tan (4 +'2X1 + € sin ¢ :l

o . a2 - b2
az2
1In(N, cos 0;) - 1n(N, cos ¢,)
- d; - 4 .
d; = q evaluated at ¢; , J =0,1,2
Ny = N evaluated at ¢; , J = 1,2
7.5.1.2 Findin ith ndard parallels. For the

reverse case, when (x, y) is given along with ¢,, ¢,, 0,, and A,
first compute L, r,, K, N;, N,, 4,, qQ;, and g, from equation set
7.27. Then compute A and g from

0

)\,=E+ ?\40 (7.28)
ln‘K

_ r
=7
in which

-

r = == b4 (7.29)
cos 0O

0 = arctan

Note: When evaluating the arc tangent, the user must take
care to insure that the resulting angle lies in the desired

quadrant.

once g is found, then ¢ can be determined using the Newton -
Raphson method, which is explained next. Define functions f and

f', and an initial approximation ¢' by
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Hh
=
1]

1 - sin ¢)|1 + € sin ¢

g+ %‘ln [(1 + sin ¢) (1 - € sin @ ] (7.50)

1 - g2
(1- €2 sin? §)cos O

£ ()

¢' = 2 arctan (ed) - m/2

Then successive iterations for ¢ are found from the eguation

q).._q).__fﬂl

= (7.31)
£r ()
In particular, substitute §' into this equation to obtain ¢'', the
first approximation to . Then set ¢' = ¢'', substitute ¢' into

the equation to obtain ¢'', the second approximation to ¢.
Continue this procedure until the differences between successive
candidates for ¢ are sufficiently small.

7.5.2 r nformal ni ith ndar rallel
In the second case, the point scale factor is one along one
standard parallel, ¢o. Fix a central meridian, A..

7.5.2.1 Finding (X,¥y). The mapping equations afe

X = r sin LA (7.32)
y =r, - r cos LA
where
L = sin @, (7.33)
sinl
K = N, cot ¢, e® bo
_Lq
r=Ke
-L
r.=Ke °
€ = base of natural logarithms ( ln e =1 },
N - |
" 1 - €2 sin? ¢
e
T _Q) 1 - € sin O Y}
q’ln[tan(4+2 (1+Ssin¢ }
d, = q evaluated at ¢,
N, = N evaluated at @,
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7.5.2.2 Finding '(Q‘Kl with one standard parallel. To -

transform in the other direction, suppose that X, v, ¢,, and A,
are given. First, compute L, K, N,, q,, r, and r_, from eguation
set 7.33. Then, as in the previous case, (§, A) can be found from

0

A = £-+ Ab (7.34)
1n K

_ r
q="7
in which

r_

r = — Y (7.35)
cos O

0 = arctan
. r-y

again, ¢ can be obtained from g by using the Newton-Raphson method

(see equation sets 7.30 and 7.31).

7.5.3 BScale factor and convergence. The scale factor and

convergence of the meridian are given by

rL :

=m (7.36)

'k
Y = LA

In the case of two standard parallels, the values of r, L, and N
are given in equation set 7.27. For one standard parallel, the
values of r, L, and N are found in equation set 7.33.

7.5.4 Accuracy. For the Lambert conformal conic projection
with either one or two standard parallels, the equations for X, Vv,
A, Q. k, and Y are exact. The equation for ¢ can be iterated
until the desired accuracy is obtained.

7.5.5 Area of coverage. The family of Lambert conformal
conic projections and their limiting cases is used worldwide. For
a given member of this family, the point scale factor increases as
a point moves away from the standard parallel(s).
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7.6 Polar Stereographic projection. The Polar
Stereographic projection is a limiting case of the Lambert
conformal conic projection when the one standard parallel
approaches a pole. In this conformal projection meridians are
straight lines, parallels atre concentric circles, and the point
scale factor is one at the pole (see Figure 7.5).

180° 180°
135°E
|
90°E 90°W 90°W 90°F
45°E 45 45°W 00 45°E

Figufe 7.5. Meridians and parallels in the Universal Polar
: Stereographic Projection. Left: South Zone,
Right: North Zone (Not drawn to scale.)

7.6.1 Polar Stereographic mapping eguations. There is
considerable diversity in the treatment that various authors give
to the polar Stereographic projection. Some authors interchange
the X and y axis; others change the sign convention. The
discussion here is largely taken from NSWC/DL TR-3624 (1977) since
it most closely conforms to DMA TM 8358.2 (1989).

7.6.1.1 Finding (X,y). Given (§, A), the Polar
Stereographic coordinates are
X = r sin A (7.37)
Y = - cos A (Northern hemisphere)
Yy = T cos A (Southern hemisphere)
in which
€
T 1¢|) 1 + € sin 101 Y}
r = K tan (‘ - . 7.38)
172 (1—831nl¢| 3
£
g _ 28 (L-8\3
T b |1 +¢
82 _ a2 - b2
a2
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|0| denotes the absolute value of 0.
(0, A) is expressed in radians.

At the poles, A is not defined. Nevertheless, these equations can
be used at the poles since r is zero there. At ¢ = * T/2, pick an

arbitrary value for A. Then, equation sets 7.37 and 7.38 yield
Polar Stereographic coordinates of (0, 0).

7.6.1.2 Finding {Q.L!. The discussion of the conversion .
from (X, y) to (§, A) follows Krakiwsky (1973). If
(X, ¥y) = (0, 0), then ¢ = * 90° and A is undefined. Otherwise,
the longitude is given by
X
A = - arctan ;‘ (Northern hemisphere) (7.39)
. :
A = arctan v (Southern hemisphere)

If (X, ¥y) # (0, 0), then X, Yy or both are non-zero. Use one of
these non-zero values to find g from the equations

ot . —¥l when Ix! > |yl (7.40)
_ K lcos Al
et s —F— hen lyl > Ix|

= en > X

K sin A w vi 2

Where
2a2 (1 - €) ¢
- 2

K = — 7.41

b (l + 8) ‘ ( )

As in the Lambert conformal conic projection, ¢ can be found from
g using the Newton-Raphson method. Define functions f and f', and
an initial approximation ¢, by

1 + sin §) (1 - € sin ¢

£(0) = -q + 3 In [(1 ~ sin ¢)'(1 + € sin ¢) e ] a2

1 - g2
(1- € sin?2 Q)cos ¢

£ ()

q T
¢, = 2 arctan e - 3
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Then, successive iterations for () are found from the equation

f(q)n-l) :
o, = 0,5 - ) (7.43)

In particular, substitute ¢, into this equation to obtain 0,. the
first approximation to ¢. Then substitute ¢, into the equation to
obtain ¢2, the second approximation to §. Continue this procedure

until the differences between successive candidates for 0 are
sufficiently small. Even though q approaches infinity at the
poles, this method is satisfactory for many computers. This
procedure yields a positive value of ¢. In the southern

hemisphere, replace this positive value of ¢ by -0.

7.6.1.3 Alternate method for finding Q. Alternatively, an

approximate equation for ¢ is given in Geological Survey
Professional Paper 1395 (1987).

¢ =% + A sin2Y + B sind) + C sin6) + D sin8) (7.44)
where
T . .
X=3-2 (in radians) (7.45)
z X
t - = X #
2 "X sin A 0
Z Yy
t 5 = #
an 2 lK cos A l Y 0
2a2 (1 - €\ 3
K = —
b (1 + 8)
1 5 1 . 13
A = 38 + o + T5€° + 354E
7 29 811 _,
B = 288" + 220%° * Ti520°
T 81
C = 7208 *+ T120°
4279
D = T61280°
2 - a2 - p2
-y
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Since this procedure yields a positive value of ¢, replace O by -0
in the southern hemisphere.

7.6.1.4 Finding the point gcale factor. The point scale

factor is given by

k= 1 at the poles (7.46)
k = —_— elsewhere
" N cos ¢ '

where

4 1 - € sin ||

2a2 (1 -
K=_§_(___§)z

. € )
r=Ktan(£-%)(1+€Sln Id)l)z (7.47)
g

b l1+¢
a

) V1 - € sin? ¢

N

7.6.1.5 FEinding the converagence of the meridian. The
convergence of .the meridian is

Y=A (Northern hemisphere) (7.48)
Y=—A (Southern hemisphere)

7.6.2 Accuracy. For the Polar Stereographic projection,

the equations for X, y, A, and g are exact. The equation for ¢
can be iterated until the desired accuracy is obtained.

7.6.3 Area of coverage. There is no general agreement on
the area of coverage for the Polar Stereographic projection.
Section 7.7.5 gives the area of coverage for UPS coordinates.

7.7 Universal Polar Stereographic (UPS) proijection. The

Universal Polar Stereographic (UPS) projection is the standard
military grid used in polar regions (see Figure 7.6). The main
reference for the UPS grid is DMA TM 8358.2 (1989). The UPS grid
is a family of two projections that differ from the Polar
Stereographic projection in these ways:

a. Both the X and y values (see Figure 7.6), called easting
and northing, respectively, have an origin of 2,000,000
meters.

b. The scale factor at the origin is 0.994.

54




180°

90°W 90°E

-
|

0

Figure 7.6. Meridians and parallels imposed on a Universal
Polar Stereographic grid (north zone).

The limits of the system are north of 84° N and south of 80° §. In
order to provide a 30-minute overlap with the UTM grid, the UPS
grid contains an overlap that extends to 83°'30'N and 79° 30'S.
Although the UPS grid originally was defined to use the
International Ellipsoid, in practice several reference ellipsoids
have been used. The ellipsoid appropriate to the selected datum
should be used.

_ 7.7.1 Universal Polar Stereographic (UPS) mapping
equations. For known geodetic coordinates, the UPS easting is
given by
Xgps = 2,000,000 + 0.994r sin A (7.49)
and the UPS northing is given by

Yups = 2,000,000 - 0.994r cos A (Northern hemisphere) (7.50)
Yups = 2,000,000 + 0.994r cos A (Southern hemisphere)

The parameter r is computed using equation set 7.38.

7.7.2 FEinding (®,A). If a hemisphere and UPS coordinates
(X, Y) are known, convert the UPS values to Polar Stereographic
coordinates using equation set 7.51, and then transform to
geodetic coordinates as described in Sections 7.6.1.2 and 7.6.1.3.
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1

1
5992 (Yues - 2,000,000)

Yps

In particular, at the poles where X = 2,000,000 and yv = 2,000,000

then, ¢ = + 90° and A is undefined. Otherwise longitude and
latitude can be found from

(Xyps - 2,000,000) _ |
A = - arctan v ~ 2,000,000 (Northern hemisphere) (7.52)
UPS ’ ’
A cap Hups = 2,000,000 o isohere)
= + arctan (Yome - 2,000,000) outhern hemisphere
& =% + A sin2) + B sind) + C sin6) + D sin8)
in which
X = g -z (7.53)
.z (Xgps - 2,000,000)
= = # 2,000,000
tan 3 0.994K sin A ~ues
an2 = 0.994K cos A | A
Yups # 2,000,000 (Northern hemisphere)
z (Yyps = 2,000,000)
tan 3 = ¥ 70.994K cos A

Yups # 2,000,000 (Southern hemisphere)

£
K = 2a2 (1 - €)3

~ b {1 +¢
a2_b2

2 -
€ = a2

The values of A, B,'C, and D are found using equation set 7.45.

In the southern hemisphere, replace the computed value of ¢ with

-d.
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| | 7.7.3 Finding point scale factor and convergence of the

meridian. The point scale factor and convergence of the meridian
are
k = 0.994 at the poles (7.54)
r
k = 0.994 —— elsewhere
N cos ¢

Y= A  (Northern hemisphere)
Y = -A  (Southern hemisphere)

where ¥ and N are given in equation set 7.47.

7.7.4 Accuracy. The accuracy of the UPS equations is based
upon the accuracy of their Polar Stereographic counterparts. For
the Polar Stereographic projection, the equations for x, vy, A, and
g are exact. The equation for ¢ can be iterated until the desired
accuracy is obtained.

7.7.5 Area of coverage. The area of coverage for UPS
coordinates is defined by zone limits and overlap.

North zone: The north polar area 84° - 90°

South zone: The south polar area 80° - 90°

UTM overlap: 30" overlap,

North: 83° 30
South: 79° 30

7.8 The U,S. Militarv Grid Reference Svstem (MGRS). The
MGRS is an alpha-numeric system, based upon the UTM and UPS map
projections, for identifying positions. An MGRS coordinate
consists of a zone designation, alphabetic 100,000-meter grid
square designator, and numeric coordinates within the 100,000
meter grid square. MGRS coordinates are defined for  -the primary
UTM and UPS areas, but not for the overlap areas.

7.8.1 MGRS coordinates in the UTM area. In the UTM area, MGRS
coordinates are based on the ellipsoid, geodetic latitude, UTM
zone, easting and northing as follows: :

a. The first two characters of the MGRS coordinate are the
two digits of the numeric UTM zone (see sections 7.4.1.1 and
7.4.1.2.) Leading zeros must be included.

b. The third character of the MGRS coordinate is a letter

representing a band of geodetic latitude. Beginning at 80° South
and proceeding northward, 20 bands are lettered C through X,
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omitting I and O. The bands are all 8° hlgh except band X (72QN to
84°N), which is 12° high.

c. The fourth and fifth characters of the MGRS coordinate
are a pair of letters representing the 100,000-meter grid square.
The letter pair can be selected from figure 7.7 and 7.8 (from DMA
T 8358.1.) First, reduce the UTM northing by multiples of
2,000,000 until the resulting value is in the range of 0 to
1,999,999 meters. Second, reduce the UTM northing and easting
values to the nearest 100,000 meters. Third, locate the
corresponding 100,000 meter northing and easting grid lines for
the UTM zone number on the figure. The grid square identifier
will be immediately above and to the right of the intersection of
the easting and northing grid lines on the figure.

Note: The alphabetic method of designating 100,000-
meter grid squares has changed over time. Older products
may have different grid square designations than those
described above. Also, some software was programmed to
compute MGRS coordinates based on geographic position and
a map of preferred ellipsoids. The boundaries between
preferred ellipsoids have changed with time. Therefore,
MGRS coordinates computed with such software may not agree
with current map products. MGRS computation software
should always require input of the ellipsoid. If MGRS
coordinates are to be used in conjuction with a map
product they should be checked against the map product

to verify compatibility.

d. The remainder of the MGRS coordinate consists of the
numeric easting and northing values within the 100,000-meter grid
square. The left half of the digits is the easting grid wvalue,
which is read to the right of the 100,000-meter easting grid line
" established in step c¢. above. The right half of the digits is the
northing grid value, which is read northward of the 100,000-meter
northing grid line established in step c. above. Both the easting
and northing grid values are within the range of 0 to 100,000
meters (i.e., zone and grid square designators, only) to 1 meter
{i.e., zone and grid designators followed by 10 digits, five for
easting grid value and five for northing grid value). Both
easting and northing value must have the same resolution and must
include leading zeros.

7.8.2 MGRS coordinates in the UPS area. In the UPS area,

MGRS coordinates are based on the ellipsoid, geodetic latitude and
longitude, easting, and northing as follows:

a. The first character of the MGRS coordinate is
in the Southern and Western Hemispheres,
in the Southern and Eastern Hemispheres,
in the Northern and Western Hemispheres, and
in the Northern and Eastern Hemispheres as shown in figures 7.9
and 7.10. -
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b. The second and third characters of the MGRS coordinate
are letters representing a 100,000 meter grid square. The letter
pair can be selected from figure 7.9 or 7.10 (from DMA TM 8358.1.)
Reduce the UPS easting and northing values to the nearest 100,000
meters. Locate the corresponding 100,000 meter northing and
easting grid lines for the UTM zone number on the figure. The
grid square identifier will be immediatly above and to the right
of the intersection of the easting and northing grid lines on the
figure. ‘

¢. The method for calculating the remainder of the MGRS
coordinate is the same as in paragraph 7.8.1 4. '

7.9 The World Geographic Reference Svstem (GEOREF). The
GEOREF is an alpha-numeric system for reporting positions for air
defense and strategic air operations. It is based upon geodetic
coordinates. GEOREF is described in DMA TM 8358.1 (1990).

7.10 Non-standard grids. The specifications and diagrams of
non-standard grids, used as the primary or secondary grid on DMA

produced maps, are contained in DMA TM 8358.1 (1990) .

7.11 Modifications to map projections. Providing equations
for transforming between geodetic coordinates and every local map
projection is beyond the scope of this Technical Report. However,
many local map projections are minor modifications of the map
projections given in this Technical Report. Typically, these
modifications include use of false Eastings (E) and Northings (N)
at the projection origin, a non-unity scale factor (ko) along the
. principal line of the projection, and units other than meters.
Sometimes the local projection origin is offset from the origin
used in this Technical Report. Chapter four of DMA TM 8352.1
(1991) gives parameters for several local projections.

If the local projection is based on one of the projections
given in this Technical Report convert geodetic latitude (¢) and

longitude (A) to coordinates in the local projection by using the
following projection; .

1. Make sure (), A) are on the ellipsoid for the local
projection and determine the ellipsoid's parameters, a
and either f or b.

2. convert (0, A)to map projection coordinates (Xp, Yo
using the appropriate map projection equations given in
this Technical Report. Note that the units for X, and Y,
are in meters.

3. 1If the local projection has false coordinates, E, N, at
the origin, convert them to units of meters if necessary.
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4. The map projection coordinates (X,, Y,) and scale factor
(kp) can be converted to local projection coordinates
using equations 7.55 if the origin of the local
projection is the same as the origin of that projection
as used in this technical report. Those origins are
central meridian (Ab) and equator for Transverse
Mercator and Mercator projec<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>